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CUSPIDAL CURVES, MINIMAL MODELS AND
ZAIDENBERG’S FINITENESS CONJECTURE
KAROL PALKA
Abstract. Let E ⊆ P2 be a complex rational cuspidal curve and let (X,D)→ (P2, E)
be the minimal log resolution of singularities. We prove that E¯ has at most six cusps
and we establish an effective version of the Zaidenberg Finiteness Conjecture (1994)
concerning Eisenbud-Neumann diagrams of E. This is done by analysing the Minimal
Model Program run for the pair (X, 1
2
D). Namely, we show that P2 \ E is C∗∗-fibred or
for the log resolution of the minimal model the Picard rank, the number of boundary
components and their self-intersections are bounded.
1. Main results
Let E¯ ⊆ P2 be a complex rational curve having only locally analytically irreducible
singularities (cusps1). It is an image of a morphism P1 → P2 which is 1-1 on closed
points. Classifying such curves up to a choice of coordinates on P2 is a long-standing open
problem with many connections, see [MS89], [Ore95], [ZO96], [FZ96], [Fen99], [Ton05],
[FdBLMHN07], [BL14]. We shall further assume that κ(P2 \ E¯) = 2, otherwise there is
a classification. Many conjectures have been made. For instance, the Coolidge-Nagata
conjecture predicts that E¯ is Cremona equivalent to a line. The weak rigidity conjecture
of Flenner-Zaidenberg states that if (X,D) → (P2, E¯) is the minimal log resolution of
singularities then the Euler characteristic of the logarithmic tangent sheaf of (X,D) van-
ishes. The first conjecture is equivalent to the vanishing of h0(2KX +E), where E is the
proper transform of E¯ on X , and the second to the vanishing of h0(2KX +D) (see 2.5).
Suggested by these equivalences, in this article we show that in understanding the
geometry of cuspidal curves the fundamental role is played by the divisor KX +
1
2
D. We
propose a new approach to the above problems based on the analysis of the Minimal
Model Program run for the pair (X, 1
2
D); see 3.1 for the discussion of the strategy. The
key result is the description of the structure of a minimal model and its minimal log
resolution, an almost minimal model ; see 3.6 for definitions and 4.5 for a more detailed
version of the result.
We write bi(−) for dimH
i(−,Q) (the i-th Betti number) and pa for the arithmetic
genus. Put κ1/2(P2, E¯) := κ(KX + 12D) and p2(P
2, E¯) := h0(2KX + D). A C∗∗-fibration
is a fibration whose general fiber is isomorphic to C∗∗ = C1 \ {0, 1}.
Theorem 1.1. Let E¯ ⊆ P2 be a complex rational cuspidal curve for which P2 \ E¯ is of
log general type and let (X,D) → (P2, E¯) be the minimal log resolution of singularities.
Let (X ′, 1
2
D′) and (Y, 1
2
DY ) denote respectively an almost minimal and a minimal model
as defined in 3.6. Put n = pa(D
′). Then:
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(1) X ′ \ D′ ∼= Y \ DY is isomorphic to an open subset of P2 \ E¯ ∼= X \ D with the
complement being a sum of n disjoint curves isomorphic to C∗.
(2) n+ p2(P2, E¯) ≤ 5.
(3) If κ1/2(P2, E¯) = −∞ then one of the following holds:
(a) Y admits a P1-fibration with irreducible fibers inducing a C∗∗-fibration on P2 \ E¯.
(b) (Y, 1
2
DY ) is an open log terminal log del Pezzo surface of rank 1, whose boundary
has n+ 1 ≤ 6 components.
(4) If P2 \ E¯ does not admit a C∗∗-fibration then
ρ(X ′) ≤ p2(P
2, E¯) + 19− n.
If a C∗∗-fibration of P2 \ E¯ is induced from a P1-fibration of some surface of Picard rank
1 (as above) then we call it a structural C∗∗-fibration.
Tono [Ton05] bounded the number of maximal twigs of D (for a definition of a twig see
Sec. 2.1) by 17 − p2(P2, E¯). However, neither the number of components of D contained
in these twigs can be bounded from above nor their self-intersections can be bounded
from below. Indeed, it is already so for the family of tricuspidal curves found by Flenner-
Zaidenberg [FZ96, 3.5]. Surprisingly, the situation changes after arriving at an almost
minimal model.
Theorem 1.2. Let E¯ ⊆ P2 be a complex rational cuspidal curve, such that P2 \ E¯ is of
log general type and does not admit a structural C∗∗-fibration. Let (X ′, 1
2
D′) be an almost
minimal model as above. Then:
(1) ρ(X ′) ≤ 22, #D′ ≤ 22 and KX′ · D
′ ≤ 16. The inequalities are strict in case
κ1/2(P2, E¯) = −∞.
(2) If κ1/2(P2, E¯) = −∞ then the self-intersections of components of D′ are not smaller
than (−3). If κ1/2(P2, E¯) ≥ 0 then they are between −40 and 6.
Remark. To see an immediate application of the above result assume P2 \ E¯ contains no
C∗. Then n = 0, so (X,D) = (X ′, D′) and the bounds above are actually bounds on the
log resolution, so we may in fact classify rational cuspidal curves for which P2\ E¯ contains
no C∗. In Corollary 1.3 below we show how to get around the hypothesis n = 0 to obtain
some unconditional bounds on the geometry of D.
Each reduced effective divisor can be decomposed as a sum of its maximal rational twigs
plus the remaining part, called the core. The above theorem coupled with an analysis
of structural C∗∗-fibrations in Section 5 establishes an effective version of the Zaidenberg
Finiteness Conjecture for cuspidal curves (see 2.5(4) for the conjecture and 2.3 for the
definition of the core graph).
Corollary 1.3. (Effective Zaidenberg Finiteness Conjecture). Let E¯ ⊆ P2 be a rational
cuspidal curve whose complement is of log general type and let (X,D) → (P2, E¯) be the
minimal log resolution of singularities. The core of D has at most 20 components and the
core graph (hence the Eisenbud-Neumann diagram) has at most 31 vertices. In particular,
the sets of possible core graphs and Eisenbud-Neumann diagrams are finite.
The following inequalities are of independent interest.
Theorem 1.4. Let E¯ ⊂ P2 be a rational cuspidal curve contained in the complex projective
plane. Then E¯ has at most six cusps. In fact, if c is the number of cusps and n is as
above then c+max(0, 2p2(P2, E¯) + n− 4, 2p2(P2, E¯)− 3) ≤ 6.
Up to now the best known bound was c ≤ 8.5 − 1
2
p2(P2, E¯) < 9 [Ton05]. The bound
c ≤ 8 was obtained earlier in [ZO96] provided h1(TX(− logD)) = 0. It was conjectured
by Orevkov that in fact c ≤ 4.
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The tools built in this article play a basic role in our recent proof of the Coolidge-
Nagata conjecture [Pal14], [KP15]. They can be applied to study open surfaces of log
general type.
Acknowledgements. The author is grateful to Mariusz Koras for discussions concerning
producing C∗’s contained in the affine part of the surface. His remark to reuse the BMY
inequality at the final stage of the proof of Theorem 1.1(4) (instead of using the bound
obtained by Tono) led to improved numerical bounds in the inequalities. The author
would also thank Mikhail Zaidenberg for discussing results in the literature.
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2. Preliminaries
We recall some results from the theory of non-complete surfaces, also to settle notation.
For a complete treatment the reader is referred to [Miy01].
2.1. Log surfaces and divisors
Given two Q-divisors T, T ′ we say that T ′ is a subdivisor of T (T ′ ≤ T ) if T − T ′ is
effective. Let T be a nonzero reduced divisor on a smooth complete surface X . If R is a
reduced subdivisor of T we define βT (R) = R · (T −R) and we call it a branching number
of R in T . If R is irreducible and nonzero we say that R is a tip or a branching component
if βT (R) ≤ 1 or βT (R) ≥ 3 respectively. We say that T is an snc-divisor if its irreducible
components are smooth and intersect transversally, at most two in one point. It is snc-
minimal if a contraction of any (−1)-curve in T maps T onto a divisor which is not snc.
We call T a chain if it is a connected snc-divisor with linear dual graph. A (rational) twig
of T is a (rational) snc-chain R ≤ T which contains no branching components of T and
contains a tip of T . A twig is maximal if it is not properly contained in some other twig.
Similarly maximal rational twigs are maximal in the sense of inclusion of supports in the
set of rational twigs. We say that T is a (rational) tree if it is a connected snc-divisor
(whose all components are rational and) such that the dual graph of T contains no loops.
A fork is a tree with exactly one branching component and three maximal twigs. The
arithmetic genus of T is
pa(T ) =
1
2
T · (K + T ) + 1,
where K is the canonical divisor (class) on X . We often use the fact that for a rational
tree pa(T ) = 0. We denote the Iitaka-Kodaira dimension of the divisor T (on X) by κ(T ).
If T = T1 + . . . + Tk is a decomposition of a rational chain into irreducible components,
such that Ti · Ti+1 = 1 for i < k, then we write T = [−T
2
1 ,−T
2
2 , . . . ,−T
2
k ]. By (m)p
we mean a sequence (m,m, . . . ,m) of length p. By a curve we mean a one-dimensional
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variety. An (n)-curve is a smooth rational curve with self-intersection n. A (−1)-curve
which is a component of T as above is called superfluous if it intersects at most two
other components of T , each at most once and transversally. A (−2)-twig is a twig such
that all its irreducible components are (−2)-curves. A maximal (−2)-twig is a (−2)-twig
which is not a proper subdivisor of another (−2)-twig. We define the discriminant of T
as d(T ) = det(−Q(T )), where Q(T ) is the intersection matrix of T . We put d(0) = 1.
Assume now that T is a fixed connected snc-divisor with no superfluous (−1)-curves
and with intersection matrix which is not negative definite. (This is the case when T is an
snc-minimal boundary of an affine surface). Assume also that the intersection matrices
of all its maximal twigs are negative definite (this is the case if κ(K + T ) = 2, [Fuj82,
6.13]). For every twig R of T we define
ind(R) =
d(R− tip(R))
d(R)
and δ(R) =
1
d(R)
,
where tip(R) denotes the unique tip of T contained in R. The former number is usually
called the inductance or capacity of R. We define BkT R, the bark of R with respect to T ,
as the unique Q-divisor supported on SuppR, such that
BkT R ·R0 = βT (R0)− 2
for every component R0 of R, equivalently that BkT R · R0 equals −1 if R0 = tip(R) and
equals 0 otherwise. Let now Ti, i = 1, . . . , t, be the maximal twigs of T . We put
ind(T ) =
t∑
i=1
ind(Ti) and δ(T ) =
t∑
i=1
δ(Ti),
and we define the bark of T ad Bk T = BkT T1 + . . .+ BkT Tt.
If κ(K + T ) ≥ 0 then we have the Fujita-Zariski decomposition
K + T = (K + T )+ + (K + T )−,
where (K+T )+ is numerically effective and (K +T )− is effective, either empty or having
a negative definite intersection matrix. Moreover, (K + T )+ · B = 0 for any curve B
contained in Supp(K + T )−.
Lemma 2.1. Let Ti be a twig of a rational tree T as above and let T0 be a component of
Ti. Denote the coefficient of T0 in BkT by t0. Then
(i) 0 < t0 < 1.
(ii) If T0 is the component meeting T − Ti then t0 = δ(Ti).
(iii) (BkT )2 = − ind(T ).
(iv) If there is no (−1)-curve A on X, for which T · A ≤ 1, then (K + T )− = BkT .
Proof. Write Ti = Ti,1+Ti,2+. . .+Ti,ki, where Ti,j are irreducible and Ti,j·Ti,j+1 = 1 for j <
ki. Then by [Miy01, 2.3.3.4] the coefficient of Ti,j in BkT equals d(Ti,j+1+. . .+Ti,ki)/d(Ti).
This gives (i), (ii) and (iii). Part (iv) follows from 2.3.11 loc. cit. 
Let σ : (X ′, D′)→ (X,D), where D′ = σ−1∗ D +Exc σ, be a blowup with a center on D
(σ−1∗ , or rather (σ
−1)∗, denotes taking the proper transform). Write σ
∗D = D′ + µExc σ.
We say that σ is inner (outer) for D if µ = 1 (µ = 0 respectively). If D has smooth
components we may equivalently ask that the center of σ belongs to exactly two (one)
components of D.
By a log surface we mean a pair (Y,B) consisting of a projective normal surface Y
together with an effective Q-divisor, which can be written as B =
∑
biBi, where Bi are
distinct irreducible components and 0 < bi ≤ 1. It is (log) smooth if X is smooth and B
is an snc-divisor.
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Definition 2.2. Let (Y,B) be a log surface and let pi : (X,D) → (Y,B) be a proper
birational morphism from a log surface such that X is smooth and D = pi−1∗ B+Exc pi. We
say that pi is a weak (embedded) resolution of singularities if pi−1∗ B (the proper transform)
is an snc-divisor. It is a log resolution if D is an snc-divisor (equivalently, (X,D) is a
smooth log surface).
Remark. The role of maximal twigs and barks in the theory of log surfaces can be seen
easily from the point of view of the logarithmic Minimal Model Program. For example,
with the above assumptions and notation by the adjunction formula
(KX + T ) · T0 = βT (T0)− 2 < 0,
so the tip tip(Ti), and by induction the whole maximal twig Ti, is contracted in the process
of minimalization of (X, T ). Now if α : (X, T )→ (X ′, α∗T ) is the contraction of maximal
twigs then
α∗(KX′ + α∗T ) = KX + T − BkT.
Recall that by definition components of a twig of any divisor are smooth.
Definition 2.3. Let B =
∑
Bi be a reduced effective divisor on a smooth projective
surface. Assume B has a connected support.
(i) The (weighted) dual graph of B is a graph with a vertex (of weight B2i ) for each
irreducible component of Bi and Bi ·Bj edges between Bi and Bj for i 6= j.
(ii) The core of B is the divisor remaining after removing all rational twigs of B.
(iii) The core graph of B is the graph resulting from the contraction of vertices of the
dual graph of D which have degree 2 and correspond to components contained in
some rational twig of the graph.
(iv) Assume B is a tree. The (non-weighted) Eisenbud-Neumann diagram of B is the
graph resulting from contraction of vertices of the dual graph of B of degree 2 which
correspond to rational components.
The core graph contains the dual graph of the core and remembers to which components
of the core maximal rational twigs were attached (vertices of degree 1 are not contracted).
Note that even if B is an exceptional divisor of a minimal log resolution of a cusp (and
hence is a three-valent tree of special type), the core graph is in general bigger than the
Eisenbud-Neumann diagram.
2.2. Rational cuspidal curves
For a rational curve E¯ ⊆ P2 we put κ1/2(P2, E¯) = κ(KX + 12D) and p2(P
2, E¯) =
h0(2K +D), where (X,D)→ (P2, E¯) is the minimal log resolution.
Lemma 2.4. Let E¯ ⊆ P2 be a rational cuspidal curve and let pi : (X,D)→ (P2, E¯) be any
weak resolution of singularities. Then:
(i) P2 \ E¯ is Q-acyclic.
(ii) The numbers h0(m(2KX +D)), and hence κ1/2(P2, E¯) and h0(P2, E¯), do not depend
on the choice of pi.
(iii) If κ1/2(P2, E¯) ≥ 0 then for a fiber f of any P1-fibration of X we have f ·D ≥ 4.
(iv) If P2 \ E¯ is of log general type then it contains no topologically contractible curves
(i.e. curves which are homotopic to a point). In case pi is the minimal log resolution
we have (K +D)− = BkD.
Proof. (i) The Q-acyclicity follows from the Lefschetz duality.
(ii) Let σ : X ′ → X be a blowup and let D′ = σ−1∗ D + Exc σ. Let µ be the number of
components of D passing through the center of σ. Denote the proper transform of E¯ on
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X by E. The divisor D − E is snc and E is smooth, so µ ≤ 3. Clearly, σ∗ embeds the
linear system of m(2KX′ +D
′) into the linear system of
σ∗(m(2KX′ +D
′)) = m(2KX +D).
Now if m(2KX +D) ∼ U then
m(2KX′ +D
′) ∼ σ∗U +m(3− µ) Exc σ ≥ σ∗U,
so σ∗ is surjective.
(iii) Let f be a smooth fiber of a P1-fibration of X . By (ii) κ(2KX + D) ≥ 0, so
0 ≤ f · (2KX +D) = −4 + f ·D.
(iv) By [MT92] P2 \ E¯ contains no topologically contractible curves. If pi is the minimal
log resolution then by 2.1(iv) (KX +D)
− = BkD. 
There are many conjectures related to cuspidal curves (see [FdBLMHN07]), we mention
only those related to our results. Recall that E¯ ⊆ P2 is projectively rigid if every embedded
equisingular deformation of it is projectively equivalent to E¯.
Conjecture 2.5. Let E¯ ⊆ P2 be a rational cuspidal curve and let pi : (X,D)→ (P2, E¯) be
the minimal log resolution of singularities. Denote the proper transform of E¯ on X by E
and the logarithmic tangent sheaf of X along D by TX(− logD). We have the following
conjectures:
(1) (The rigidity conjecture, [FZ94], [FZ96]). If E¯ ⊆ P2 is of log general type then it is
projectively rigid and has unobstructed deformations. Equivalently, hi(TX(− logD)) =
0 for i = 1, 2.
(2) (The weak rigidity conjecture, [FZ96]). If E¯ ⊆ P2 is of log general type then the Euler
characteristic of TX(− logD) vanishes. Equivalently, KX ·(KX+D) = 0. Equivalently
(see 4.3(i)), p2(P2, E¯) = 0.
(3) (The Coolidge-Nagata conjecture, [Coo59], [Nag60]). There exists a Cremona trans-
formation of P2 which maps E¯ onto a line. Equivalently ([MKM83, 2.6, 3.4], [Coo59]),
h0(2KX + E) = 0.
(4) (Finiteness conjecture, [Zai95, 1.6, p.16],[FR05, §15]). The set of possible Eisenbud-
Neumann diagrams of D is finite.
Note that the equivalent formulations of conjectures (1) and (2) show that the weak
rigidity conjecture implies the Coolidge-Nagata conjecture when P2 \ E¯ is of log general
type. In 4.7 we formulate an even stronger conjecture, which is more natural in our
setting. The mentioned equivalent formulations show also that our choice of the setup in
which we run the log MMP (the 1
2
in KX +
1
2
D) is the most natural one.
Proposition 2.6. If P2 \ E¯ is not of log general type then it is C1- or C∗-fibered and
κ1/2(P2, E¯) = −∞. In particular, p2(P2, E¯) = 0 and E¯ satisfies the Coolidge-Nagata
conjecture.
Proof. Assume S = P2 \ E¯ is not of long general type. Suppose it is neither C1- nor
C∗-ruled. By structure theorems for smooth affine surfaces (see [Miy01, 3.1.3.1, 3.1.7.1])
κ(S) = 0. Let (X,D) be the minimal log resolution of (P2, E¯). Since S is not C∗-fibered,
by [Miy01, 3.4.4.3] (X,D) is almost minimal. By [Fuj82, 8.64] (cf. [Miy01, 3.4.4.2])
P2 \ E¯ is one of the three Fujita surfaces Y {a, b, c}, so D is a fork whose maximal twigs
are (−2)-chains. But then c = 1 and there should exist a tip of D (namely E) for which
D−E is negative definite. This is not so for the surfaces Y {a, b, c}, because the branching
components have self-intersections 1, 0,−1 respectively; a contradiction.
Thus S is C1- or C∗-fibred. The fibration extends to a P1-fibration of some weak
resolution (X,D) → (P2, E¯), so that f · D ≤ 2. But then κ1/2(P2, E¯) = κ(KX + 12D) =
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−∞, because f · (KX +
1
2
D) < 0. It follows that p2(P2, E¯) = h0(2KX +E) = 0, so we are
done due to 2.4(iii). 
3. Minimal models: construction
From now on we assume that E¯ ⊆ P2 is a (closed) singular cuspidal rational curve in P2
and that pi0 : (X0, D0)→ (P2, E¯) is the minimal weak (see 2.2) resolution of singularities.
Let pi : (X,D) → (P2, E¯) be the minimal log resolution. Clearly, we have a birational
factorizing morphism ψ0 : (X,D)→ (X0, D0). Let E0 and E be the proper transforms of
E¯ on X0 and X respectively. If P2 \ E¯ is not of log general type then by 2.6 it is C1- or
C∗-fibered, κ1/2(P2, E¯) = −∞ and E¯ satisfies the Coolidge-Nagata conjecture. Cuspidal
curves of this type are classified (see [FdBLMHN07, 5.2] and references there). In fact
one can derive the classification from what is known on C1- and C∗-fibered Q-homology
planes (see [MS91]). Therefore, we may and shall assume that P2 \ E¯ is of log general
type.
Remark 3.1 (The strategy). Our basic idea is to run the logarithmic minimal model
program for (X, 1
2
D) (or rather for (X0,
1
2
D0), but this is just a technical detail). At this
point we should remark that one can of course run the log MMP in the usual way, i.e. for
(X,D). But because X \D is a smooth affine surface of log general type which has Euler
characteristic 1, it cannot contain lines (see [Miy01, 3.4.10.1]), so only the rays supported
in D get contracted. Unfortunately, although the process of minimalization in this case
does not contract any curve in the affine part, the nefness of the log canonical divisor of
the minimal model gives rather weak consequences. On the other hand, as we will see,
running the log MMP for (X, 1
2
D) leads to contracting curves in the affine part, but now
the nefness of the log canonical divisor or the log Mori space structure of the minimal
model give strong bounds. Crucially, if the open part of the surface is not C∗∗-fibered then
KY +
1
2
DY is nef or anti-ample, so its square is non-negative (see 4.5(6) for the resulting
inequality).
Since (PicP2)⊗Q ∼= Q is generated by E¯, (PicX)⊗Q is generated freely by the com-
ponents of D. Because D−E has a negative definite intersection matrix, the intersection
matrix of D is not negative definite by the Hodge index theorem. Minimality of the log
resolution pi : (X,D) → (P2, E¯) implies that all (−1)-curves of D are branching. Let Qi
be the reduced exceptional divisor over the cusp qi. It is a rational tree with a negative
definite intersection matrix. There is a unique (−1)-curve in Qi, say Li, and it is contained
in a maximal twig of Qi. We have E ·Qi = E · Li = 1. Because pi is minimal, Li is not a
tip of D, so Qi − Li has two connected components. One of them is a rational chain and
the other a rational tree; Li meets them in tips. Because Qi contracts to a smooth point,
it is in fact a three-valent tree with d(Qi) = d([1]) = 1. Furthermore, Qi can be seen as
being produced by a connected sequence of blow-ups, i.e. we can decompose the morphism
contracting it to a point into a sequence of blow-ups σ1 ◦ . . . ◦ σs, so that then the center
of σi+1 belongs to the exceptional component of σi for i ≥ 1. The Eisenbud-Neumann
diagram of Qj is:
◦ ◦ ◦ . . . ◦ ◦
◦ ◦ . . . ◦
Now we analyze the logarithmic Minimal Model Program run for the log surface
(X0,
1
2
D0). For basic notions and theorems of the program the reader is referred to [KK94]
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and [Mat02, KM98]. Recall that if Y is a normal projective surface then a morphism
α : Y → Z onto a normal variety Z is called a contraction if it has connected fibers.
We define ρ(Y ) = rkNS(Y ), where NS(Y ) is the Neron-Severi group of Y , and we put
ρ(α) = ρ(Y/Z) = ρ(Y ) − ρ(Z). If D is an effective Q-divisor on Y then a contraction
α : Y → Z is extremal with respect to KY +D if and only if ρ(α) = 1. We will use only
contractions for which the contracted numerical class intersects KY +D negatively.
Definition 3.2.
(i) A cusp of a planar curve is semi-ordinary if it is locally analytically isomorphic to
the singular point of x2 = y2m+1 at 0 ∈ SpecC[x, y] for some m ≥ 1.
(ii) Let T be a reduced effective divisor. A subdivisor of T of type C = [2, 1, 3, (2)m−1]
with m ≥ 1, such that T − C meets C exactly in the (−1)-curve of C, in one point
nad transversally, is a semi-ordinary ending of T .
Note that an ordinary (simple) cusp is exactly a semi-ordinary cusp for which m = 1.
The exceptional divisor of the minimal resolution of a semi-ordinary cusp is [2, 1, 3, (2)m−1],
where (2)m−1 is a chain of (−2)-curves of length m − 1 ≥ 0. For instance, D contains a
semi-ordinary ending if and only if E¯ has at least one semi-ordinary cusp. It is easy to see
that all components of a semi-ordinary ending of D are contracted when the logarithmic
Minimal Model Program is run for the log surface (X, 1
2
D). On the other hand, since E0
is tangent to all (−1)-curves of D0, D0 contains no semi-ordinary endings.
We now define by induction a finite sequence of birational contractions
ψi : (Xi−1, Di−1)→ (Xi, Di), 1 ≤ i ≤ n
starting from the minimal weak resolution (X0, D0) defined above.
Notation 3.3. Assume (Xi, Di) is defined. Write Ki for the canonical divisor on Xi.
(i) Let ∆i be the sum of all maximal (−2)-twigs of Di.
(ii) Let Υi be the sum of (−1)-curves L in Di, for which either βDi(L) = 3 and L ·∆i = 1
or βDi(L) = 2 and L meets exactly one component of Di.
(iii) Decompose ∆i as ∆i = ∆
+
i +∆
−
i , where ∆
+
i consists of these (−2)-twigs of Di which
meet Υi.
(iv) Put D♭i = Di −Υi −∆
+
i − Bk
′∆−i , where Bk
′∆−i = BkDi(∆
−
i ) (see Section 2).
We now denote the properties of ψi and the pairs (Xi, Di) we will prove:
(P1) Xi is smooth,
(P2) Di contains no semi-ordinary endings or superfluous (−1)-curves,
(P3) Di −Ei, where Ei = ψi∗Ei−1, is an snc-divisor,
(P4) Ei is a smooth rational curve,
(P5) Di is not an snc-divisor,
(P6) Di −∆i −Υi is connected,
(P7) Components of Υi are disjoint, each meets at most one component of ∆i.
(P8) Xi \Di is affine and contains no affine lines.
Note that (when proved) property (P7) implies that b0(∆
+
i ) ≤ #Υi and that Υi +∆i can
be contracted by a birational morphism.
Lemma 3.4. Assume (Xi, Di) satisfies (P1)-(P8). Let αi : (Xi, Di) → (Yi, DYi) be the
contraction of Υi +∆i. Then
(i) α∗i (KYi +
1
2
DYi) = Ki +
1
2
D♭i .
(ii) (Yi,
1
2
DYi) has log terminal singularities (with discrepancies ≥ −
1
2
).
(iii) If θ : Yi → Z is a birational extremal contraction, negative with respect to KYi+
1
2
DYi,
then the contracted curve is not a component of DYi.
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Proof. (i) Since Υi+∆i is contracted by αi, it has a negative definite intersection matrix,
so the divisor α∗(KYi+
1
2
DYi)−Ki is determined uniquely by the fact that, by the projection
formula, it intersects trivially with every component of Υi +∆i. But it follows from the
definition of D♭i that this is the case for
1
2
D♭i .
(ii) From (i) we see that if we write
Ki + α
−1
i∗ (
1
2
DYi) = α
∗
i (KYi +
1
2
DYi) +
∑
aUU,
where the sum runs over irreducible curves U contracted by α, then the discrepancies
aU are bigger than −
1
2
. It remains to show that singularities of (Yi, DYi) coming from
tangency of some components of D0 are log terminal. Let R1+U1+U2+ . . .+Un+R2 be
a chain of smooth rational curves on a smooth surface V , such that U = U1+U2+ . . .+Un
is of type [1, 2, . . . , 2] and let R3 be a smooth rational curve intersecting the chain in U1,
transversally. Put R = R1+R2+R3. It is enough to check that for R+U the contraction
of U creates at most log terminal singularities. We allow R2 = 0, which corresponds to
sj = 1 for some j. If p : V → Y denotes the contraction then we get
p∗p∗(KV +
1
2
(R + U)) = KV +
1
2
R
in case R2 = 0 and
p∗p∗(KV +
1
2
(R + U)) = KV +
1
2
R + U
in case R2 6= 0, so the discrepancies are equal to 0 and −
1
2
respectively.
(iii) Suppose B′ = Exc θ is a component of DYi. Let B be the proper transform of B
′
on Xi. Put R = Di −∆i −Υi. Using the projection and adjunction formulas we get
0 > (2KYi +DYi) · B
′ = (2Ki +D
♭
i) · B = βR(B) + ∆
−
i ·B − 4− B
2 −B · Bk′∆−i .
By 2.1(ii) if V is the component of Di meeting a given twig T then V · Bk
′ T = 1
d(T )
≤ 1
2
,
hence
0 ≤ 2βR(B) +B ·∆
−
i ≤ 7 + 2B
2.
We get B2 ≥ −3. Since αi(B) = B
′ 6= 0, the definition of ∆+i shows that B ·∆
+
i = 0.
Suppose B2 = −3. Then βR(B) = 0 and B · ∆
− ≤ 1. Negative definiteness of the
intersection matrix of B +Υi +∆i implies that B ·Υi ≤ 1. Moreover, if L ∈ Υi meets B
and ∆L is the connected component of ∆
+
i meeting L then ∆L = [2], so B is a part of a
semi-ordinary ending of Di, which contradicts the assumption. It follows that B
2 = −2
or B2 = −1. In both cases the definition of ∆i together with the negative definiteness of
B +Υi +∆i imply that B · (Υi +∆
+
i ) = 0 and B ·∆
−
i ≤ 1. We obtain
0 ≤ 2βD(B) ≤ B ·∆
−
i + 7 + 2B
2.
Suppose B ·∆−i = 1. For B
2 = −2 we get βD(B) ≤ 2, which contradicts the definition
of ∆−i . For B
2 = −1 we get βD(B) ≤ 3, so B ∈ Υi; a contradiction. Therefore B ·∆
−
i = 0
and βD(B) ≤ 3 + B
2. If B2 = −1 then B is a superfluous (−1)-curve and if B2 = −2
then it is a (−2)-tip of D. In both cases we arrive at a contradiction. 
Corollary 3.5. If Ki +
1
2
D♭i is not nef and αi(Xi,
1
2
Di) is not a log Mori fiber space then
there exists a (−1)-curve Ai on Xi, not a subdivisor of Di, which is (Ki +
1
2
D♭i)-negative.
Moreover,
Ai · (Υi +∆
+
i ) = 0 and Ai · (Di −∆
−
i ) = Ai ·∆
−
i = 1
and the component of ∆−i meeting Ai is a tip of ∆
−
i .
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Proof. By the contraction theorem of log MMP there exists an extremal birational con-
traction Yi → Z of a (KYi +
1
2
DYi)-negative curve. Let Ai be the proper transform of the
curve on Xi. By 3.4 Ai is not a subdivisor of Di and (2Ki +D
♭
i) · Ai < 0. It follows that
Ai · Ki < 0, so Ai is a (−1)-curve and Ai · (Di − Υi − ∆
+
i ) < 2 + Ai · Bk
′∆−i . As we
already noticed in the proof above, the negative definiteness of the intersection matrix of
B+Υi+∆i implies Ai ·(Υi+∆
+
i ) = 0 and Ai ·∆
−
i ≤ 1. It also implies that the component
of ∆−i meeting Ai is a tip of ∆i (∆i may have two tips, and it does not have to be the one
which is a tip of Di). By (P8) we have Ai ·Di ≥ 2, so 2 ≤ Ai ·Di < 2 + Ai · Bk
′∆−i ≤ 3.
Then Ai ·∆
−
i = 1 and Ai ·Di = 2. 
We now define (Xi, Di) by induction. The definition will be completed once we check
that properties (P1)-(P8) indeed hold for (Xi0+1, Di0+1). For this see 4.1.
Definition 3.6. Assume (Xi, Di) and ψi for 0 ≤ i ≤ i0 are defined and that the pair
(Xi, Di) satisfies properties (P1)-(P8). Let αi : (Xi, Di)→ (Yi, DYi) be as in 3.4.
(i) If Ki0 +
1
2
D♭i0 is nef or if αi0(Xi0,
1
2
Di0) is a log Mori fiber space then we put n = i0
and so ψi0 is the last morphism in the sequence. Otherwise we define
ψi0+1 : (Xi0 , Di0)→ (Xi0+1, Di0+1),
where Di0+1 = ψ(i0+1)∗Di, as the composition of the contraction of some Ai0 given
by 3.5 and successive contractions of superfluous (−1)-curves in the image of Di0 .
(ii) We say that ψi+1 is a contraction of type II if it contracts both components of Di
meeting Ai. Otherwise it is of type I.
(iii) We call (Yn,
1
2
DYn) a minimal model of (X0,
1
2
D0).
(iv) Let ϕn : (X
′
n, D
′
n) → (Yn, Dn) be the minimal log resolution. We call (X
′
n,
1
2
D′n) an
almost minimal model of (X0,
1
2
D0).
Remark. The definition of an almost minimal model is analogous to the definition in
the theory of log surfaces in case of a simple normal crossing boundary with integral
coefficients (see [Miy01, 2.3.11, 2.4.3]2). We want to emphasize that at each step of the
construction there may be more than one choice of Ai (equivalently of ψi+1) and a priori
the final model (Xn, Dn) and in fact also the number ’n’ of the steps taken, may depend
on these choices. This will not cause any problems. We simply work with a (any) fixed
choice of a sequence of Ai’s.
Not also that in our approach we study a minimal model of (X0, D0) and because of this
E0 = ψ0(E) is tangent to D0−E0 and is never contracted by ψn ◦ . . .◦ψ1. It is essentially
a matter of choice, but in a general situation, when the analysis is repeated for a general
pair (X,D) it is more natural to define ψ0 : (X,D)→ (X0, D0) as a birational morphism
with smallest possible ρ(ψ0) which contracts (some) components of D, and such that D0
contains no (K0+
1
2
D0)-negative components of negative self-intersection. However, doing
so in our situation we see that this new version of ψ0 contracts fewer curves and it may
happen, for example for c ≤ 2, E2n = −1, that the curve En itself is (Kn +
1
2
Dn)-negative
(and Dn contains superfluous (−1)-curves), which would cause some additional problems.
Lemma 3.7. Let (X ′n,
1
2
D′n) be an almost minimal model of the minimal weak resolution
of singularities of (P2, E¯) as above. If D′n is not snc-minimal then there exists a P
1-
fibration of X ′n such the intersection index of D
′
n with a general fiber is at most three. In
particular, κ1/2(P2, E¯) = −∞.
2In loc. cit. the minimal model is called ’relatively minimal’. This however is in conflict with modern
terminology.
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Proof. Suppose V is a superfluous (−1)-curve in D′n. Assume first that V is a proper
transform of En. By the definition of X
′
n the component W of D
′
n−V over a given cusp of
E¯ which meets V is a (−1)-curve, non-branching in D′n−V . Because V is superfluous, for
f = V +W we have f ·Dn ≤ βD′n(V ) + 1 ≤ 3, so we are done. Assume V is not a proper
transform of En. Since there are no superfluous (−1)-curves in Dn, some component L
of Excϕn meets V . The morphism ϕn : X
′
n → Xn is a log resolution of non-snc points
of Dn and all these points belong to En. It follows from the definition of ψi, i ≥ 0 that
for each such point at most two components of Dn − En pass through it, exactly one of
them is tangent to En, and each component of Dn − En passes through at most one of
such point. We may therefore assume that there is only one non-snc point in Dn. The
curve V ′ = ϕn(V ) meets En, because ϕn is minimal. If it is tangent to E0 then L
2 = −1
and L meets at most two components of D′n other than V . Because V is superfluous, for
f = L + V we have f · D ≤ 3 and |L + V | gives the desired fibration. Assume that V ′
meets En transversally. Then ϕn touches V once, so V
′ is a 0-curve for which
V ′ ·Dn = βDn(V
′) = βD′n(V ) + 1 ≤ 3
and hence |f + V | gives the fibration. By 2.4(iii) κ1/2(P2, E¯) = −∞. 
Remark 3.8. It follows from the definition that ψ0 : (X,D)→ (X0, D0) is a minimal log
resolution of non-snc points of D0 (in fact the points of tangency, all belonging to E0),
because the components of D0 are smooth. For i = 1, . . . , n let ϕi : (X
′
i, D
′
i)→ (Xi, Di) be
the minimal log resolution (which again is a resolution of non-snc points). Put (X ′0, D
′
0) =
(X,D). Because Excψi and Excϕi are disjoint we have a lifting ψ
′
i : (X
′
i−1, D
′
i−1) of ψi.
Because αi ◦ψi contracts Excαi−1 we have a morphism ψ
′′
i : (Yi−1, DYi−1)→ (Yi, Di) which
makes the following diagram commute:
(X,D)
ψ′1
//
ψ0

π
yyrr
r
r
r
r
r
r
r
r
(X ′1, D
′
1)
ψ′2
//
ϕ1

. . .
ψ′n
// (X ′n, D
′
n)
ϕn

(P2, E¯) (X0, D0)
ψ1
//
α0

π0
oo (X1, D1)
ψ2
//
α1

. . .
ψn
// (Xn, Dn)
αn

(Y0, DY0)
ψ′′
1
// (Y1, DY1)
ψ′′
2
// . . .
ψ′′n
// (Yn, DYn)
4. Minimal models: properties
We now analyze the process of minimalization in detail. We keep the notation from the
previous section. Recall that Ai ⊂ Xi meets a tip of ∆i, but this tip does not have to be
a tip of Di. Put ψ = ψn ◦ . . . ◦ ψ1 and ψ
′ = ψ′n ◦ . . . ◦ ψ
′
1.
Proposition 4.1. Let (Xi+1, Di+1) and ψi+1, i = 0, . . . , n− 1 be as above. Then:
(i) Xi+1, Di+1 and Ei+1 have the properties (P1)–(P8) listed after 3.3.
(ii) ψ∗i+1(Ki+1 +Di+1) = Ki +Di + Ai.
(iii) ψ(i+1)∗(Υi) ≤ Υi+1.
(iv) If Ai meets ∆
−
i not in a tip of Di then ψi+1 contracts only Ai (hence is of type I)
and we have b0(∆i+1) = b0(∆i) and b0(∆
+
i+1)− b0(∆
+
i ) = #Υi+1 −#Υi = 1.
(v) If Ai meets ∆
−
i in a tip of Di then ψi+1 contracts at least Ai and the connected
component of ∆−i meeting Ai (with a minor exception when this connected component
and Ai meet the same irreducible component of Di). We have b0(∆i+1) = b0(∆i)− 1
and b0(∆
+
i+1)− b0(∆
+
i ) ≤ #Υi+1 −#Υi ∈ {0, 1}.
CUSPIDAL CURVES, MINIMAL MODELS AND ZAIDENBERG’S FINITENESS CONJECTURE 12
(vi) For every component U of Di −∆i we have U ·∆i ≤ 1.
(vii) For each component U of D0 − E0 we have ψ(U) · En ≤ U · E0 + 1. If the equality
holds then the unique ψi increasing the intersection of the images of U and E0 is of
type I. Moreover, it touches U exactly once and either U is the component of ∆−0
met by Ai−1 or there is a unique connected component of ∆
−
0 meeting U and this
component is contracted by ψi.
(viii) For every m ≥ 1 we have h0(m(2Ki +Di)) = h
0(m(2K +D)).
Proof. We proceed by induction on i.
(i) We only need to check (P2), (P6) and (P7), because the remaining properties follow
from the definition of ψi+1. First of all, D0 does not contain semi-ordinary endings by
the definition of ψ0. Suppose T is a semi-ordinary ending of Di+1. We may assume that
the point ψi+1(Ai) belongs to T , otherwise the proper transform of T is a semi-ordinary
ending of Di. But T · (Di+1 − T ) = 1, so since Ai intersects Di in exactly two points, it
follows that Di − Ai is not connected; a contradiction. Properties (P6) and (P7), which
clearly hold for (X0, D0), will follow by induction from the proof of the remaining parts
of the proposition. (P8) holds for X0 \ D0 by 2.4(iv) and holds in general because the
complement of Xi+1 \Di+1 in Xi \Di is a closed subset isomorphic to C∗.
(ii) is a consequence of the fact that ψi+1 is inner for Di + Ai.
(iii) Suppose L is a component of Υi, such that ψi+1(L) is not a component of Υi+1.
Since Ai · (Υi +∆
+
i ) = 0, there is a component B in Di − Υi −∆
+
i meeting L for which
(ψi+1)∗(B) = 0. It follows that B · L = 1. Since ψi+1 is inner for Di + Ai, B is contained
in a maximal twig of Di. But then (P6) for (Xi, Di) fails; a contradiction.
(vi) Suppose U ·∆i ≥ 2 and let U0 be the proper transform of U on X0. Then U0 meets
two (−2)-twigs of D0. Clearly, U0 and these twigs are contained in D0 − E0. Think of
the morphism pi0 : X0 → P2 as a composition of blowdowns inside D0. At some point
U0 becomes a (−1)-curve and the (−2)-twigs are not yet touched. Thus some image of
D0 −E0 contains the chain [2, 1, 2], so the intersection matrix of D0 −E0 is not negative
definite. This is a contradiction.
Let V and W be the components of Di meeting Ai which are subdivisors of ∆
−
i and
Di −∆i −Υi respectively. Let ∆V be the connected component of ∆
−
i containing V .
(iv) Assume V is not a tip ofDi. The contraction of Ai does not touch components other
than V and W . It follows from the assumption that the image of V after this contraction
is a branching (−1)-curve, a component of Υi+1. Even if it happens that the image of W
is a (−1)-curve, then it is also branching, because W is not a (−2)-tip of Di. Moreover
W  ∆i, so ψi+1(W )  Υi+1. Therefore, ψi+1 contracts only Ai, ψ(i+1)∗(∆V − V ) ≤ ∆
+
i+1
and ψi+1(V ) is the only component of Υi+1 which is not an image of a component of
Υi. Thus b0(∆
+) increases by 1 under ψi+1. By (iii) images of components of Υi are
components of Υi+1, so we are done. Clearly, (P6) and (P7) for (Xi+1, Di+1) hold.
(v) Assume V is a tip of Di. Then b0(∆i+1) = b0(∆i)−1. If ∆V and Ai meet a common
component of Di then ψi+1 contracts Ai and all but one irreducible components of ∆V .
In this case b0(∆i+1) − b0(∆i) = −1, b0(∆
+
i+1)− b0(∆
+
i ) = 0 and #Υi+1 −#Υi = 1. We
may therefore assume ∆V and Ai do not meet a common component of Di. Then ψi+1
contracts at least Ai +∆V .
Assume W is not a tip of Di. Then ψi+1 contracts only Ai + ∆V , hence is of type
I. If T is the component of Di meeting ∆V then ψi+1(T )
2 = T 2 + 1, so ψi+1(T ) is
not a component of Υi+1, because either it is not a (−1)-curve or βDi(T ) ≥ 3 and by
(vi) T does not meet ∆i − ∆V . If it happens that W meets ∆
−
i , has βDi(W ) = 2 and
ψi+1(W )
2 = −1 then ψi+1(W ) is a component of Υi+1 and the connected component of
∆−i meeting W , which is unique by (vi), becomes a connected component of ∆
+
i+1. In
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other cases ψi+1(W ) is not a component of Υi+1 and b0(∆
+) does not change. We obtain
b0(∆
+
i+1)− b0(∆
+
i ) = #Υi+1 −#Υi ≤ 1. Again, we see that (P6) and (P7) hold.
Finally, assume W is a tip of Di. The contractions are inner for Di +Ai (in particular
Ei is not contracted) and they take place inside the sum of Ai and the maximal twigs TV
and TW of Di containing V and W respectively. Since TV , TW are not contained in ∆
+
i ,
by property (P6) for Xi the components V
′ and W ′ are not components of Υi. Let V
′
and W ′ be the branching components of Di meeting TV and TW respectively. Since each
of V ′,W ′ can meet ∆−i at most once, we have b0(∆
+
i+1)− b0(∆
+
i ) ∈ {0, 1, 2}.
If V ′ 6= W ′ then only V ′ and W ′ may become new components of Υi+1 and we have
b0(∆
+
i+1) − b0(∆
+
i ) = #Υi+1 − #Υi. On the other hand, if V
′ = W ′ then βDi(V
′) ≥ 3
and we see easily that ψi+1(V
′) is not a component of Υi+1, so b0(∆
+
i+1) − b0(∆
+
i ) = 0.
However, in the latter case it may happen that TV + Ai + TW contracts to a (−1)-curve,
which then becomes a component of Υi+1, hence #Υi+1 −#Υi ≤ 1. We see also that in
any case, if b0(∆
+
i+1)− b0(∆
+
i ) ≤ 1 then (P6) and (P7) hold.
Suppose b0(∆
+
i+1) − b0(∆
+
i ) = 2. Then W
′ 6= V ′. From the discussion above it follows
also that ψi+1 contracts TV + Ai + TW and makes V
′ and W ′ into (−1)-curves with
βDi+1 = 3. In particular, at least one of V
′, W ′ is a (−2)-curve. Furthermore, there
are (−2)-twigs ∆′V and ∆
′
W meeting V
′ and W ′ respectively (which become part of ∆+
after taking ψi+1). Since ∆
′
V + V
′ + TV and TW + W
′ + ∆′W are chains meeting the
remaining part of Di once, they do not contain images of Aj ’s (which are points) for
j < i. Indeed, otherwise, because Aj · Dj = 2, reverting the contractions we would get
that D0 is disconnected. We therefore use the same letters for ∆
′
V , V
′, TV , TW ,W
′,∆′W , Ai
and their proper transforms on X . Since F∞ = V
′ + TV + Ai + TW +W
′ contracts to
ψi+1(V
′+W ′), and hence to a 0-curve, there is a P1-fibration λ : X → P1 with F∞ as one
of the fibers. This fibration has exactly four sections contained in D, each intersecting
a general fiber once. Since E meets only (−1)-curves in D, it does not intersect F∞, so
it is vertical for λ. Let C be a (−1)-curve in D meeting E. By the definition of D it is
contained in some maximal twig of D. Consequently, C · V ′ = C ·W ′ = 0, hence C is
also vertical for λ. Denote the fiber of λ containing it by FC and let S1 and S2 be the
components of D−E meeting C. The divisor C+E+S1+S2 cannot be vertical, because
fibers of P1-fibrations do not contain branching (−1)-curves. Thus, say, S1 is horizontal
for λ, which implies that C has multiplicity 1 in FC . If so, then it is necessarily a tip of
FC , so S2 is horizontal for λ. But both Si intersect V
′ +W ′, which contradicts the fact
that C is a part of some maximal twig of D.
(vii) First of all we note that ψ does not contract any component of D0 meeting E0,
because the points of intersection with E0 are not snc. It follows that if Ai does not meet
Ei then ψi+1 does not change intersections of components of Di − Ei with Ei. Suppose
Ai · Ei = 1 and let ∆Ai be the connected component of ∆
−
i intersected by Ai. We may
assume that Ai meets ∆Ai in a tip of Di, otherwise the statement is clear. Then ψi+1
contracts exactly Ai + ∆Ai , so it increases (by 1) the intersection with Ei for only one
component of Di − Ei, say U , the one which meets ∆Ai. By (vi) U meets at most one
(−2)-twig of D0, so we are done.
(viii) By 2.4(ii) we only need to show that h0(m(2Ki +Di)) is not affected ψi+1. If Y
is smooth and σ : (Y ′, B′)→ (Y,B), where B′ = σ−1∗ B +Exc σ, is an inner blowup for B
then
2KY ′ +B
′ = σ∗(2KY +B) + Exc σ,
so h0(m(2KY +B)) = h
0(m(2KY ′ +B
′)) for every m ≥ 0. By the definition of ψi+1 it is
therefore enough to show that
h0(m(2Ki +Di + Ai)) = h
0(m(2Ki +Di)).
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But Ai · (2Ki+Di) = 0, so Ai is in the fixed part of any linear system |m(2Ki+Di)+aAi|
with a > 0. 
Notation 4.2. Let q1, . . . , qc be the cusps of E¯ and let j ∈ {1, . . . , c}. We define the
following numbers:
(i) τj ≥ 2 is the number of times ψ0 touches E (equivalently, the number of curves over
the cusp qj contracted by ψ0),
(ii) sj is equal to 1 if ψ0 contains (in a decomposition into blowdowns) a contraction
over qj which is outer for D − E and 0 otherwise,
(iii) τ ∗j = τj − sj − 1 ≥ 0,
(iv) τ ∗ =
∑c
j=1 τ
∗
j , s =
∑c
j=1 sj , τ =
∑c
j=1 τj ,
(v) nk for k = 0, 1 is the number of contracted Ai’s, i.e. the (−1)-curves defined in 3.5,
for which Ai · Ei = k.
(vi) c0 and c1 are the numbers of semi-ordinary and non-semi ordinary cusps of E¯ re-
spectively.
(vii) η = #Υn −#Υ0.
Clearly, n = n0 + n1 = nT + nN and #Υ0 = c0. By 4.1 nN ≤ η ≤ n.
Lemma 4.3. With the above notation we have:
(i) K · (K +D) = p2(P2, E¯),
(ii) #Di = ρ(Xi) + i for i ≥ 0,
(iii) n + p2(P2, E¯) ≤ 5, and if the equality holds then n 6= 0, s = 0 and Dn has no tips.
(iv) Kn · (Kn +Dn) = p2(P2, E¯)− c− τ ∗ − n,
(v) En · (Kn +Dn) = 2c− 2 + τ
∗ + n1,
(vi) (Dn − En) · En = 2c+ n1 + τ
∗,
(vii) pa(Dn) = n+ τ
∗ + c.
Proof. (i) The Riemann-Roch theorem gives
p2(P
2, E¯)− h1(2K +D) + h2(2K +D) = K · (K +D).
By 2.4(iv) (K +D)− = BkD, so by 2.1(i) (K +D)− is an effective Q-divisor with simple
normal crossing support and proper fractional coefficients. Since (K+D)+ is nef and big,
the Kawamata-Viehweg vanishing theorem (see for example [Laz04, 9.1.18]) says that
hi(2K +D) = 0 for i > 0.
(ii) Since (X,D) is a Q-homology plane, we have #D = ρ(X). By the definition of Xi
we have #Di − ρ(Xi) = #Di−1 − ρ(Xi−1) + 1 for every i = 1, . . . , n.
(iii) Let A′i, i = 1, . . . , n denote the proper transform of Ai on X and let (X,D +∑n
i=1A
′
i)→ (X˜, D˜) be the snc-minimalization ofD+
∑n
i=1A
′
i. Note that if κ1/2(P
2, E¯) ≥ 0
then by 3.7 the boundary D′n of an almost minimal model is already snc-minimal, so
(X˜, D˜) = (X ′n, D
′
n). Both pairs are smooth completions of Xn \Dn. Note also that it is
not possible that c = 1 and E is a (−1)-tip of D, because otherwise |E + C|, where C is
the unique (−1)-curve in D−E, induces a C∗-fibration of P2 \ ¯̂E, an hence κ(P2 \ E¯) < 2.
Therefore, by the properties of Ai’s we see that (A
′
i)
2 = −1 and that the minimalization
morphism is inner for the boundary, hence it does not change the self-intersection of the
log canonical divisor. The latter is
(KX +D +
n∑
i=1
A′i)
2 = (KX +D)
2 + n = p2(P
2, E¯)− 2 + n.
The surface X \ D is a Q-homology plane of log general type, so it contains no topo-
logically contractible curves. It follows that X˜ − D˜ is of log general type and contains
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no topologically contractible curves, hence is almost minimal in the sense of [Miy01].
We have also χ(X˜ \ D˜) = χ(X \D), because Ai ∩ (Xi \Di) is a C∗. By the logarithmic
Bogomolov-Miyaoka-Yau inequality, proved originally by Kobayashi-Nakamura-Sakai, (for
a formulation convenient for our purposes, which follows from [Lan03], see [Pal11, 2.5])
we get
(KX˜ + D˜)
2 + ind(D˜) ≤ ((KX˜ + D˜)
+)2 ≤ 3χ(X˜ \ D˜) = 3,
so
(4.1) p2(P
2, E¯) + n + ind(D˜) ≤ 5.
If ind(D˜) = 0 then necessarily (KX˜ + D˜)
− = 0, so D˜ (and hence D′n) has no maximal
twigs, hence no tips. Equivalently, sj = 0 for j = 1, . . . , c (the twigs of D contracted
by ψ0 are disjoint from all A
′
i) and Dn has no tips. Finally, D
′
0 = D has at least three
maximal twigs, so if n = 0 then p2(P2, E¯) 6= 5.
(iv) Since ψi is a composition of blowdowns which are inner with respect to Di−1+Ai−1,
we have
ψ∗i (Ki +Di) = Ki−1 +Di−1 + Ai−1,
so Ki ·(Ki+Di) = Ki−1 ·(Ki−1+Di−1)−1 and we get Kn ·(Kn+Dn) = K0 ·(K0+D0)−n.
From the definition of ψ0 we compute K0 · (K0 +D0 − E0) = K · (K +D − E) + s and
K0 · E0 = K · E − τ , so
K0 · (K0 +D0) = K · (K +D)− c− τ
∗ = p2(P
2, E¯)− c− τ ∗.
(v) Using the remark on ψi from (iv) we have
Ei · (Ki +Di) = Ei−1 · (Ki−1 +Di−1) + Ei−1 · Ai−1,
so En · (Kn+Dn) = E0 · (K0+D0) + n1. Now E0 · (K0+D0−E0) = E · (K +D−E)− s
and E20 = E
2 + τ , so
E0 · (K0 +D0) = E · (K +D) + τ
∗ + c.
Finally, E · (K +D) = βD(E)− 2 = c− 2.
(vi) (Dn − En) · En = (D0 −E0) · E0 + n1 =
t∑
j=1
(τj + 1− sj) + n1 = τ
∗ + 2c+ n1.
(vii) Elementary properties of the arithmetic genus give pa(Dn) = pa(D0) + n and
pa(D0) = pa(D0 −E0) + (D0 −E0) · E0 − 1, so
pa(D0) = (1− c) +
c∑
j=1
(τj + 1− sj)− 1 = τ
∗ + c.

We now prove one of the bounds in Theorem 1.4.
Proof of Theorem 1.4, part 1. By (4.1) ind(D˜) ≤ 5− p2(P2, E¯)− n. Note that every
pi0(Ai) ⊆ P2, i > 1 meets pi0(A1), and by the definition of Ai’s the intersection point is
necessarily one of the cusps of E¯. Therefore, in the process of minimalization at least
c− n− 1 cusps are untouched. It is a straightforward computation (see [ZO96, 4.2]) that
the contribution to the inductance of the boundary from the twigs over any cusp is strictly
bigger than 1
2
, hence 1
2
(c− n− 1) < ind(D˜), which gives c+ n+ 2p2(P2, E¯) ≤ 10. On the
other hand, applying the BMY inequality to (X,D) we have 1
2
c < ind(D) ≤ 5−p2(P2, E¯),
so c+ 2p2(P2, E¯) ≤ 9. These inequalities may be written together as
(4.2) c+ 2p2(P
2, E¯) + max(0, n− 1) ≤ 9.
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
We now want to compute the square of 2Kn+D
♭
n. We define Υ
0
i to be the sum of these
components of Υi which do not meet ∆
+
i . By the definition of Υi, every component U
of Υ0i if a (−1)-curve meeting exactly one component of Di and has βDi(U) = 2 (so it
is tangent to this component or meets it twice transversally). Clearly, (ψi+1)∗Υ
0
i ≤ Υ
0
i+1
and Υ00 consists of the Ci’s for which qi ∈ E¯ is an ordinary cusp.
Remark. Note that Υ0i+1 may contain more components than just (ψi+1)∗Υ
0
i . To see this
let U1 + . . . + Uk be the (−2)-twig of Di met by Ai and let Uk+1 be the component of
Di − U1 − . . . − Uk met by Ai. If, for instance, Ai · U1 = Uk · Uk+1 = 1 (so Ai + U1 +
. . . + Uk + Uk+1 is an snc cycle) then ψi+1 contracts exactly Ai + U1 + . . . + Uk−1 and
(ψi+1)∗Uk is a (−1)-curve meeting Uk+1 in two different points, hence it is a component
of Υ0i+1. Similarly, if Uk+1 and U1 + . . .+ Uk are maximal twigs of Di meeting a common
component Uk+2 then (ψi+1)∗Uk+1 is a component of Υ
0
i+1− (ψi+1)∗Υ
0
i . In both examples
ψi+1 is of type I, but this is not true in general.
Lemma 4.4. Let E¯ ⊆ P2, (Xn, Dn) and Υ0n be as above. Let (X
′
n,
1
2
D′n) be an almost
minimal model as in 3.6 and ∆′n the sum of maximal (−2)-twigs of D
′
n. Then
(4.3) (2Kn +D
♭
n)
2 + δ(∆−n ) = 3p2(P
2, E¯) + 8 + b0(∆
′
n) + #Υ
0
n − ρ(X
′
n)− n.
Proof. We have (Υn + ∆n) · (2Kn + D
♭) = 0 and ([1, 2, . . . , 2])2 = −1, so by 2.1 and
4.3(vi)
(2Kn+D
♭
n)
2 = (2Kn+Dn)
2− (Υn+∆
+
n )
2− (Bk′∆−n )
2 = (2Kn+Dn)
2+#Υn+ ind(∆
−
n ).
We have #Υn = c0 + η and we compute easily ind(∆
−
n ) = b0(∆
−
n )− δ(∆
−
n ). Now
(2Kn +Dn)
2 = K2n + 3Kn · (Kn +Dn) +Dn · (Kn +Dn)
= K2n + 3(p2(P
2, E¯)− c− τ ∗ − n) + 2(n+ τ ∗ + c− 1)
= K2n + 3p2(P
2, E¯)− 2− c− τ ∗ − n.
The Noether formula gives
(2Kn +D
♭
n)
2 = 3p2(P
2, E¯) + 8 + b0(∆
−
n )− δ(∆
−
n )− ρ(Xn)− τ
∗ − (n− η)− c1.
Fix j ∈ {1, . . . , c}. Let Cj be the (−1)-curve in Q˜j meeting E0. If sj 6= 1 then there
is exactly one more component of Q˜ meeting E0, call it B0. It meets E0 transversally.
Put B0 = 0 if s1 = 1. Let A,B and A
′, B′ be the proper transforms of A0, B0 on Xn and
on X ′n respectively. Clearly, A and B are not contained in (−2)-twigs of D0. We have
(A′)2 = A2− τ and (B′)2 = B2− 1. If A′ is a component of ∆′n then A
2 = τ − 2 ≥ 0, so ψ
touches A0. But then A is not contained in a twig of Dn, which is impossible. If B
′ is a
component of ∆′n then B is a (−1)-curve non-branching in D0−E0, which is impossible by
the definition of ψ0. Thus A
′, B′ are not components of ∆′n. We get b0(∆
′
n) = b0(∆n) + s.
By the definition of ∆+i we have #Υi − b0(∆
+
i ) = #Υ
0
i . Then
b0(∆
′
n)− s = b0(∆
−
n ) + b0(∆
+
n ) = b0(∆
−
n ) + #Υn −#Υ
0
n.
We have #Υn = c0 + η and ρ(X
′
n) = ρ(Xn) + τ , hence
(2Kn +D
♭
n)
2 = 3p2(P
2, E¯) + 8 + b0(∆
′
n) + #Υ
0
n − δ(∆
−
n )− ρ(X
′
n)− n.

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By 4.3(iii) p2(P2, E¯) ≤ 4. Recall that αn is the morphism defined on Xn which contracts
Υn + ∆n. An open log del Pezzo surface of rank 1 is a log surface (X,B), such that
−(KX + B) is ample, B 6= 0 and ρ(X) = 1. We summarize our analysis in the following
theorem, which implies 1.1. (To recover 1.1(4) use (4.6) and 1.4).
Theorem 4.5. Let E¯ ⊆ P2 be a rational cuspidal curve for which P2 \ E¯ is of log general
type and let (X0, D0) → (P2, E¯) be the minimal weak resolution of singularities. Let
(X ′, 1
2
D′) and (Y, 1
2
DY ) denote an almost minimal and a minimal model of (X0,
1
2
D0).
Put n = pa(D
′) Then:
(1) X ′ \ D′ ∼= Y \ DY is isomorphic to an open subset of P2 \ E¯ ∼= X0 \ D0 with the
complement being a disjoint sum of n curves isomorphic to C∗.
(2) #D′ = ρ(X ′) + n and K ′ ·D′ = p2(P, E¯) + ρ(X ′)− n− 10.
(3) n+ p2(P2, E¯) ≤ 5, and if the equality holds then n 6= 0 and D′ has no twigs.
(4) If κ1/2(P2, E¯) = −∞ then one of the following holds:
(a) Y admits a P1-fibration with irreducible fibers inducing a C∗∗-fibration on P2 \ E¯.
(b) (Y, 1
2
DY ) is an open log terminal log del Pezzo surface of rank 1, whose boundary
has n+ 1 ≤ 6 components.
(5) If κ1/2(P2, E¯) ≥ 0 then (X ′, D′) is snc-minimal and n ≤ 4.
(6) If P2 \ E¯ does not admit a structural C∗∗-fibration then
ρ(X ′) ≤ 3p2(P
2, E¯) + 8− n + b0(∆
′
0) + c
′
0,
where ∆′0 is the sum of maximal (−2)-twigs of D and c
′
0 is the number of ordinary
cusps of E¯.
Proof. We have (Y,DY ) = (Yn, DYn) and (X
′, D′) = (X ′n, D
′
n). (1) Recall (3.8) that we
have a commutative diagram
(X,D)
ψ′
//
ψ0

π
yyss
s
s
s
s
s
s
s
s
(X ′n, D
′
n)
ϕn

(P2, E¯) (X0, D0)
ψ
//
π0
oo (Xn, Dn)
αn
// (Yn, DYn) .
The morphism αn ◦ ϕn : (X
′
n, D
′
n) → (Xn, Dn) → (Yn, DYn) is the minimal log resolution
of singularities, so X ′n \ D
′
n
∼= Xn \ Dn ∼= Yn \ DYn . By 3.5 Ai ∩ (Xi \ Di)
∼= C∗. Also,
pa(D
′) = pa(D) + n = n.
(2) As in the proof of 4.3(iv) we have
K ′n · (K
′
n +D
′
n) = K · (K +D) = p2(P
2, E¯),
so by the Noether formula
K ′n ·D
′
n = p2(P
2, E¯) + ρ(X ′n)− n− 10.
By 4.3(ii) #D′n − ρ(X
′
n) = #Dn − ρ(Xn) = n.
(3) follows from 4.3(iii) and from the fact that D′n has no twigs if and only if s = 0 and
Dn has no twigs.
(4) The pair (Yn,
1
2
DYn) = (αn(Xn),
1
2
αn∗Dn) is a log Mori fiber space by 3.5. Because
of the affiness of P2 \ E¯ the divisor DYn is nonzero. If the base of the fiber space is a point
then Yn is a log del Pezzo surface of rank 1. Its singularities are log terminal by 3.4 and
#DYn − ρ(Yn) = #Dn − ρ(Xn) = n by 4.3(ii). Assume the base is a curve and let f be a
general fiber. Then we have f · (KYn +
1
2
DYn) < 0, so f ·DYn ≤ 3. If f ·DYn ≤ 2 then
κ(P2 \ E¯) = κ(Yn \DYn) ≤ 1 + κ(C
∗) = 1
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by the ’easy addition theorem’.
(6) If P2 \ E¯ is not C∗∗-fibered then either KYn +
1
2
DYn is nef or the minimal model
(Yn,
1
2
DYn) is a log del Pezzo surface, and then −(KYn +
1
2
DYn) is ample. In both cases
(KYn +
1
2
DYn)
2 ≥ 0, which by 3.4(i) and 4.4 gives
ρ(X ′n) ≤ 3p2(P
2, E¯) + 8− n+ b0(∆
′
n) + #Υ
0
n − δ(∆
−
n ),
and the inequality is strict in the del Pezzo case. Put υn = #Υ
0
n. Note that ψ∗(Υ
0
0) ≤ Υ
0
n,
so c′0 = υ0 ≤ υn. It is easy to see that if a component of Υ
0
i+1 − ψ∗(Υ
0
i ) is created then
the tip of ∆−i met by Ai is a tip of Di.
(4.4) b0(∆
′
n) + (υn − υ0) ≤ b0(∆
′
0).
Then b0(∆
′
n) + υn ≤ b0(∆
′
0) + c
′
0, so
ρ(X ′n) ≤ 3p2(P
2, E¯) + 8− n + b0(∆
′
0) + c
′
0 − t∆(ψ
′).
(5) Assume κ1/2(P2, E¯) ≥ 0. Then (X ′n, D
′
n) is snc-minimal by 3.7. Suppose n = 5.
Then p2(P2, E¯) = b0(∆′n) = c
′
0 = 0 by (4.1), so (6) gives ρ(X5) + τ = ρ(X
′
5) ≤ 3. But
τ ≥ 2c ≥ 2, so X5 ∼= P2. By 4.3(ii) #D5 = 6, so deg(2KP2+D5) ≥ 0, hence 2K ′5+D
′
5 ≥ 0;
a contradiction. 
We now prove Theorems 1.2 and 1.4
Proof of Theorem 1.2(1). By 4.5(6)
ρ(X ′) ≤ 3p2(P
2, E¯) + 8− n+ b0(∆
′
0) + c
′
0
and the inequality is strict in the del Pezzo case. Now b0(∆
′
0) + c
′
0 can be bounded from
above by the numer of maximal twigs of D, which in not bigger than 17− p2(P2, E¯) by a
result of Tono [Ton05]. But it is better, and easier, to reuse the BMY inequality as follows
(we owe this observation to Mariusz Koras). First, observe that if we have a twig R =
[a1, . . . , an] with ai ≥ 2 and its subtwig R
′ = [a1, . . . , an−1] then ind(R) ≥ ind(R
′). Indeed,
this follows by induction from the formula ind([a1, . . . , an]) = 1/(a1 − ind([a2, . . . , an])).
We get
1
2
b0(∆
′
0) +
1
3
c′0 = b0(∆
′
0) ind([2]) + c
′
0 ind([3]) ≤ ind(D) ≤ 5− p2(P
2, E¯),
where the last inequality is just the BMY inequality for (X,D) (cf. (4.1)). Thus
(4.5) b0(∆
′
0) ≤ 10− 2p2(P
2, E¯)−
2
3
c′0.
We obtain:
(4.6) ρ(X ′n) ≤ p2(P
2, E¯) + 18− n+
1
3
c′0.
Then 4.5(2) gives
#D′n ≤ p2(P
2, E¯) + 18 +
1
3
c′0,(4.7)
K ′n ·D
′
n ≤ 2p2(P
2, E¯) + 8− 2n+
1
3
c′0,(4.8)
and the inequalities are strict in the del Pezzo case. It remains to prove that
(4.9) p2(P
2, E¯) +
1
3
c′0 ≤ 4,
because then ρ(X ′n) ≤ 22, #D
′
n ≤ 22 and K
′
n ·D
′
n ≤ 16.
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Suppose p2(P2, E¯) > 4 − 13c
′
0. By (4.2) p2(P
2, E¯) ≤ 9
2
− 1
2
c < 5, so c′0 > 0 and
(c − c′0) +
1
3
c′0 ≤ 1. Then c = c
′
0 ≤ 3 and p2(P
2, E¯) = 4. We get 5
6
c′0 ≤ ind(D) ≤
5− p2(P2, E¯) = 1, so c′0 = 1. The genus formula gives
(
deg E¯−1
2
)
= 1
2
µ(µ− 1), where µ = 2,
so deg E¯ = 3. However, 2KP2 + E¯ = pi∗(2KX +D) ≥ 0; a contradiction. 
Proof of Theorem 1.4 (part 2). By (4.2) we only need to show that c ≤ 6. The case
when P2 \ E¯ has a structural C∗∗-fibration will be treated in 5.1(iv), so we assume the
opposite. Over each cusp ψ0 contracts at least two curves and makes one component
tangent to E0, hence this component is not contracted by ψ : X0 → Xn. It follows
that D′n − E
′
n contains at least 3c components. Therefore, by (4.7) 1 + 3c ≤ #D
′
n ≤
p2(P2, E¯) + 18 +
c′0
3
, so
(4.10) 3c ≤ p2(P
2, E¯) + 17 +
c′0
3
.
Suppose c ≥ 7. By (4.9) the above inequality gives c = 7 and p2(P2, E¯) = 4 − 13c
′
0. The
BMY inequality for (X,D) gives 5
6
c′0 ≤ ind(D) ≤ 5−p2(P
2, E¯) = 1+ 1
3
c′0, so c
′
0 ≤ 2. Then
in fact c′0 = 0, p2(P
2, E¯) = 4 and ind(D) ≤ 1. We arrive at a contradiction, because the
contribution to ind(D) of each cusp is strictly bigger than 1
2
. This finishes the proof of
Theorem 1.4. 
Proof of Theorem 1.2(2). Assume κ1/2(P2, E¯) = −∞. By part (1) of the Theorem
ρ(X ′n) ≤ 21, #D
′
n ≤ 21 and K
′
n · D
′
n ≤ 15. Let V
′ be a component of D′n and V its
image in Dn. We show that (V
′)2 ≥ −3. If V = 0 or if V ≤ ∆n then (V
′)2 = −1 or
−2. If V ≤ Υn and ϕn : X
′
n → Xn touches V
′ then V ′ is a component of a resolution of a
semi-ordinary cusp, so (V ′)2 ≥ −3. We may therefore assume V ≤ R := Dn −Υn −∆n.
Since 2Kn+D
♭
n is anti-ample off Υn+∆n, we get 0 > −V
2+V · (D♭n−V )+2V · (Kn+V ),
so since V · (D♭n − V ) ≥ βR(V ),
V 2 − βR(V ) ≥ −3.
We may therefore assume that ϕn touches V
′, otherwise (V ′)2 = V 2 ≥ −2 and we are
done. Then V is tangent to En and all (three) components ofDn passing through the point
of tangency belong to R. Thus each blowup constituting ϕn whose center is on the proper
transform of V decreases the self-intersection and the branching number (computed with
respect to the reduced total transform of R) by 1, hence (V ′)2 ≥ −2.
Assume κ1/2(P2, E¯) ≥ 0. Let V ′ be a component ofD′n. Put α = (V
′)2. If α ≥ 0 then V ′
intersects every effective divisor non-negatively, so 0 ≤ V ′ ·(2K ′n+D
′
n) = −α−4+βD′n(V
′).
This gives
α ≤ max(0, βD′n(V
′)− 4).
If V ′ = E ′n then write D
′
n− V
′ =
∑
Vj , otherwise write Dn− V
′−E ′n =
∑
j V
′
j , where V
′
j
are irreducible. Let V and Vj be respectively the proper transforms of V
′ and V ′j on X . It
follows from the definition of ψi that the branching number of the image of V
′ increases
at most by one under ψi and that it increases exactly by one if and only if Ai−1 meets
this image. Therefore, βD′(V
′) ≤ βD(V ) + n and
∑
(βD′n(V
′
j ) − βD(Vj)) ≤ 2n, where the
summation can be taken over any subset of irreducible components of
∑
j V
′
j . If V
′ = E ′n
then by (4.2) we get
(E ′n)
2 ≤ max(0, c+ n− 4) ≤ max(0, 6− 2p2(P
2, E¯)).
If V ′ 6= E ′n then, as a consequence of the fact that every component of D − E contracts
to a smooth point, βD(V ) ≤ 3, so α ≤ max(0, n− 1) ≤ 4.
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Put αj = (V
′
j )
2. Let I and J be the sets of these V ′j for which αj = −1 and αj ≥ 0
respectively. Then
−
∑
K ′n · V
′
j =
∑
j
(αj + 2) ≤ #I +
∑
J
(βD′n(V
′)− 2) ≤ #I +
∑
J
(βD(Vj)− 2) + 2n.
Since βD(Vj) ≤ 3 for every Vj , the right hand side of the inequality is bounded by #I +
#J + 2n.
Assume V 6= E ′n. By the genus formula −α − 2 − (E
′
n)
2 − 2 = K ′n · (V
′ + E ′n) =
K ′n·D
′
n−
∑
j K
′
n·V
′
j , so the above inequality gives −α ≤ (E
′
n)
2+4+K ′n·D
′
n+(#D
′
n−2)+2n.
By (4.6) and (4.7) this results with the inequality
−α ≤ (E ′n)
2 + 3p2(P
2, E¯) + 28 +
2
3
c′0.
Now for p2(P2, E¯) 6= 4 we obtain −α ≤ 6+ p2(P2, E¯) + 28+ 23c
′
0 ≤ 38+
1
3
c′0 ≤ 40, because
c′0 ≤ c ≤ 6. If p2(P
2, E¯) = 4 then c′0 = 0 by (4.9), so −α ≤ 3p2(P
2, E¯) + 28 = 40.
Assume V = E ′n. As above we obtain −α ≤ 2 + K
′
n · D
′
n + (#D
′
n − 1) + 2n, hence
−α ≤ 3p2(P2, E¯) + 27 ≤ 39.

Remark 4.6. Note that if V,W are distinct components of D′n then, because D
′
n is an
snc-divisor of arithmetic genus n, we have 0 ≤ V ·W ≤ n + 1 ≤ 6. In particular, 1.2(2)
shows that if κ1/2(P2, E¯) ≥ 0 then the size and all entries of the intersection matrix of D′n
are bounded. In case κ1/2(P2, E¯) = −∞ we have no upper bound for diagonal entries.
We make the following negativity conjecture for cuspidal curves.
Conjecture 4.7. If E¯ ⊆ P2 is a rational cuspidal curve then κ1/2(P2, E¯) = −∞.
Remark 4.8. By the definition of κ1/2 the conjecture simply says that for the minimal
log resolution (X,D)→ (P2, E¯) one has h0(m(2KX +D)) = 0 for every m > 0. It implies
both the weak rigidity conjecture and the Coolidge-Nagata conjecture (see 2.5). Theorem
1.2 shows that almost minimal models of potential counterexamples to 4.7 satisfy strong
combinatorial restrictions. Also, the minimalization process is well described and has at
most four steps, which gives a reasonable control over D.
We finish this section with the proof of Corollary 1.3 in case P2 \ E¯ does not admit a
structural C∗∗-fibration.
Proof of Corollary 1.3 (part 1). The divisor D is a rational tree, so the core graph
and the Eisenbud-Neumann diagram are trees, which implies that a universal bound on the
number of vertices gives a bound on the number of possible graphs. For a reduced divisor
B let core(B) and vc(B) denote the core and respectively the number of vertices in the
core graph of B. Write t(B) for the number of maximal twigs of B. Let t∆(ψ
′) and t(ψ′)
be respectively the number of maximal (−2)-twigs of D contracted completely by ψ′ and
the number of all maximal twigs of D contracted completely by ψ′. Recall that υi = #Υ
0
i .
By the proof of 4.5(6) vc(D′n) ≤ #D
′
n = ρ(X
′
n) + n ≤ 3p2(P
2, E¯) + 8 + b0(∆
′
n) + υn. We
claim that
(vc(D′i)− vc(D
′
i+1)) + (υi+1 − υi) ≤ (b0(∆
′
i)− b0(∆
′
i+1)) + 1.
By 4.1(iv)-(v) υi+1 − υi ≤ 1. We may assume that Ai meets ∆
′
i in a tip of D
′
i, otherwise
ψ′i+1 does not contract completely any maximal twig of D
′
i, so vc(D
′
i) − vc(D
′
i+1) ≤ 0
and the claim holds. Then the above inequality is equivalent to (vc(D′i) − vc(D
′
i+1)) +
(υi+1−υi) ≤ 2. Since ψ
′
i+1 contracts completely at most two maximal twigs of Di, we have
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vc(D′i) − vc(D
′
i+1) ≤ 2. But if equality holds then the maximal twigs of D
′
i contracted
by ψ′i+1 meet different components of the remaining part of D
′
i, so (ψi+1)∗Υ
0
i = Υ
0
i+1 and
hence υi+1 − υi = 0. Thus the claim holds. It follows that
vc(D)− vc(D′n) + υn − c
′
0 ≤ b0(∆
′
0)− b0(∆
′
n) + n,
and hence that
vc(D) ≤ 3p2(P
2, E¯) + 8 + b0(∆
′
0) + n+ c
′
0.
By (4.5)
vc(D) ≤ p2(P
2, E¯) + 18 + n +
1
3
c′0
and by (4.1) p2(P2, E¯) + n ≤ 5 − ind(D˜) ≤ 5 − 56c
′
0. Then vc(D) ≤ 23−
1
2
c′0 ≤ 23. Since
D has at least three maximal twigs, # core(D) ≤ 20.

5. The structural C∗∗-fibration
In this section we prove Corollary 1.3 and Theorem 1.4 in case P2\E¯ admits a structural
C∗∗-fibration. By definition, there is a P1-fibration ξY : Yn → P1 with irreducible fibers,
such that DYn meets a general fiber exactly three times. The morphism αn : (Xn, Dn)→
(Yn, DYn) decomposes as
(Xn, Dn)
α+n−→ (Z,DZ)
α−n−→ (Yn, DYn),
where α+n contracts Υn +∆
+
n , α
−
n contracts ∆
−
n and DZ = (α
+
n )∗Dn. It follows that Z is
smooth. We denote the P1-fibration ξY ◦ α−n induced on Z by ξ. Note that even if F is
a smooth fiber of ξ, its affine part F ∩ (Z \DZ) might be a singular fiber of ξ|Z\DZ , i.e.
might be non-isomorphic to C∗∗ as a scheme.
Lemma 5.1. Assume P2\E¯ admits a structural C∗∗-fibration. Let (Z,DZ) and ξ : Z → P1
be as above. Let h be the number of ξ-horizontal components of DZ, ν - the number of
fibers of ξ contained in DZ and σ - the number of singular fibers of ξZ\DZ . Then:
(i) ν = n+ 2− h,
(ii) σ = h+ 1− n,
(iii) every singular fiber of ξ has a dual graph as below, where black dots stand for hor-
izontal components of DZ and are joined by dotted lines with components meeting
them:
• −2 −2 −2
• −1
.
(iv) E¯ has at most three cusps.
Proof. Let H be the divisor consisting of components of DZ which are horizontal for ξ.
(iii) Let f be a singular fiber of ξ. Put F = fred. Denote by Lf ≤ F the proper transform
of αn∗F . Since the support of F − Lf is contained in the support of Excα
−
n = ∆
−
n , we
see that F − Lf consists of (−2)-curves and is contained in the sum of maximal twigs of
DZ . Now F , as a fiber of a P1-fibration of a smooth surface, is an (snc-) tree containing
a (−1)-curve, so Lf is the (−1)-curve. It follows that either F is a chain of type [2, 1, 2]
or F − Lf is a chain of type [2, 2, 2] and Lf meets the middle (−2)-curve. Suppose that
F = [2, 1, 2]. Denote the (−2)-tips by T1, T2. The multiplicity µ(Lf) of Lf in f , equals 2.
Consider the case when Lf is a component of DZ . If H · Lf = 0 then, say, H · B1 ≥ 2,
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so B1 is not contained in a twig of DZ ; a contradiction. Thus H meets Lf and hence
Lf · H = 1. Then H meets exactly one (−2)-tip of F , say B1, so the proper transform
of B2 on Xn is contained in ∆
+
n . This is impossible in view of the definition of α
+
n ; a
contradiction. Consider the case when Lf is not a component of DZ . Because of the
connectedness of DZ , H meets both (−2)-tips of F . The multiplicity of both tips in f is
one, so since they are part of ∆−n , H meets each of them once and transversally. Thus H
meets Lf , so H · f ≥ 2 + µ(Lf) = 4; a contradiction.
Therefore F − Lf is of type [2, 2, 2] and Lf meets the middle (−2)-curve. The surface
P2 \ E¯ is assumed to be of log general type, so it contains no C1 by 2.4(iv). This means
that H meets Lf . Since Lf and the middles (−2)-curve in F − Lf have multiplicity 2 in
f , the latter does not meet H .
(i) Each fiber of ξ contains at most one component not contained in DZ , so ρ(Z) =
2 + (#(DZ −H)− ν). We have ρ(Z) = #DZ + n, so we obtain h+ ν = n + 2.
(ii) Put pi = ξ|Z\DZ . The Euler characteristic of Z \ DZ is 1, the Euler characteristic
of a base of pi is χ(P1) − ν = 2 − ν and the Euler characteristic of a general fiber is
χ(C∗∗) = −1. The Suzuki formula ([Miy01, 3.1.8]) reads as
1 = (2− ν)(−1) +
∑
(χ(Fs) + 1),
where the sum is taken over singular fibers of pi. Now by (iv) we see that if F¯s, the
fiber of ξ containing Fs, is singular then Fs ∼= C∗. But the latter holds also when F¯s is
smooth, because the only other option is Fs ∼= C1, which is impossible by 2.4(iii). Thus
χ(Fs) = χ(C∗) = 0, which gives 3− ν = σ.
(iv) Suppose E¯ has at least four cusps. Let p : X0 → P1 be the P1-fibration induced
by ξ. Note that every Ci, i = 1, . . . , c is tangent to E0. If E0 is vertical for p then, since
all fibers of P1-fibrations are snc-divisors, all Ci are horizontal, so h ≥ c ≥ 4, which is
false. Similarly, if E0 is a section of p then, all Ci, being tangent to E0, are horizontal
for p, and we get a contradiction the same way. Thus E0 is either a 2- or a 3-section
of p. No fiber of p can be contained in D0, because such a fiber would be contained
in D0 − E0, which is negative definite. It follows that if E0 is a 3-section then we get
#D0 = ρ(X0) = 2 +
∑
(#F − 1) ≥ 2, where the sum is taken over all singular fibers
of p, which gives #D0 ≥ 2 + #(D0 − E0) = #D0 + 1; a contradiction. Therefore, E0
is a 2-section of p, so p|E0 is a 2 : 1 covering of P
1 by P1. Such a cover has exactly two
ramification points. But now at least c− 1 ≥ 3 of the Ci’s are horizontal and since they
are tangent to E0, the corresponding intersection points with E0 are ramification points
for p|E0; a contradiction. 
Proof of Corollary 1.3 (part 2). We may assume that P2 \ E¯ has a structural C∗∗-
fibration as above. Let (X,D) → (P2, E¯) be the minimal log resolution. Recall that c0
and c1 are the numbers of semi-ordinary and non-semi-ordinary cusps and that c
′
0 denotes
the number of ordinary cusps. Put c′′0 = c0 − c
′
0. Clearly, c = c
′
0 + c
′′
0 + c1. We have
vc(DYn) ≤ #DYn = ρ(Yn) + n and, by the definition of ∆n and Yn,
vc(Dn)− vc(DYn) ≤ b0(∆
−
n ) + b0(∆
+
n ) + #Υn = b0(∆
−
n ) + 2(c0 + η)− c
′
0.
We have vc(D0)− vc(Dn) ≤ 2n, so we get
vc(D0) ≤ 2c0 − c
′
0 + 2η + b0(∆
−
n ) + ρ(Yn) + 3n.
For cores we have # core(DYn) ≤ #DYn = ρ(Yn) + n, # core(Dn)−#core(DYn) ≤ c0 + η
and # core(D0) ≤ #core(Dn), hence
# core(D0) ≤ n + η + c0 + ρ(Yn).
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Claim. vc(D)− vc(D0) ≤ 2(c1 + c
′
0) + c
′′
0 and # core(D)−#core(D0) ≤ c1.
This is the part where we use the C∗∗-fibration. It is clear that the contribution from
a semi-ordinary cusp to the left hand side of the second inequality is zero and to the first
inequality is 2 or 1 depending whether the cusp is ordinary or not. It is therefore enough
to show that resolving the unique non-snc point in D0 over each non-ordinary cusp adds
at most two vertices to the core graph and at most one component to the core.
Let p ∈ (D0 − E0) ∩ E0 be the non-snc point over some cusp qj and let A be the
component of D0 −E0 tangent to E0. We have A · E0 = τj . Let V be the part of Excψ0
over qj. Then V = [1, (2)τj−1]. If A is a unique component of D0 − E0 meeting E0 at p
or if τj = 2 then we are done. We may therefore assume that τj ≥ 3 and that there is a
component B of D0−E0−A meeting E0 at p. By the definition of ψ0 no other component
of D0 goes through p and B · E0 = 1. Since A, B, E0 go through a non-snc point of D0,
they are not contracted by αn ◦ ψ and their intersections at p are not affected by this
morphism. Let A′, B′ and E ′ be their images in DYn and let f be the fiber containing the
image of p. Denote the divisor of horizontal components of DYn by H . We have H ·f = 3,
so if none of A′, B′, E ′ is vertical then f ∩ (Y \DY ) ∼= C1, which contradicts 2.4(iii). If
A′ = f or E ′ = f then H · f ≥ τj + 1 ≥ 4; a contradiction. Thus B
′ = f . Let p′ be the
point of intersection of H and B′ different than p. We have (H − E ′ − A′) · B′ = 1, so
the intersection at p′ is transversal. Because B2 < 0 = (B′)2, we see that ψ touches B at
p′. It follows that there is a twig T of D0 (possibly empty) which meets B in its tip, is
contracted by ψ and such that B · (D0 − E0 − A − T ) = 0. Thus the (−2)-curves of V
are contained in a twig of D. The claim follows.
By 4.1 η ≤ n and by 5.1 b0(∆
−
n ) ≤ σ and σ + n = h+ 1 ≤ 4. Because c ≤ 3 by 5.1(iv),
we obtain vc(D) ≤ 2c+ c0 + 5n+ 2+ b0(∆
−
n ) ≤ 3c+ 4n+ 6 ≤ 9 + 16 + 6 = 31 and, since
ρ(Yn) = 2, # core(D) ≤ 2n+ c+ 2 ≤ 13. This finishes the proof of Corollary 1.3.

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